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Abstract

We extend here our earlier idea of a finite-time exergy [S. Sieniutycz, M. von Spakovsky, Energy & Conversion
Management 39 (1998) 1423-1447; S. Sieniutycz, Open Sys. Information Dyn. 5 (1998) 369-390; S. Sieniutycz, Int. J.
Heat Mass Transfer 41 (1998) 183-195] to fluids characterized by complex exchange of heat and to those with coupled
heat and mass transfer. Functionals are formulated which express work delivered from (or consumed by) a non-
equilibrium system composed of a complex fluid, a thermal machine and the environment (acting as an infinite res-
ervoir). The complex fluid constitutes a resource of a finite flow or amount, and work production (consumption) takes
place sequentially, in stages of “endoreversible” thermal machines. Boundary layers play the role of resistances for heat
and mass transfer, and cause the entropy production at each stage of the operation. For the fluid at flow, total specific
work is extremized at constraints which take into account dynamics of heat and mass transport and rate of work
generation. Finite-rate model subsumes irreversible production of entropy and losses of classical work potential, caused
by the resistances and explains restrictive applicability of classical thermodynamic bounds. Formal analogies between
the entropy production expressions for work-assisted and conventional exchange operations help to formulate opti-
mization models of the former. Optimal work potentials, which incorporate a residual minimum of the entropy pro-
duction, are analyzed in terms of end states, duration and (in discrete processes) number of stages. © 2001 Elsevier

Science Ltd. All rights reserved.
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1. Introduction: aims and scope

The objective of this paper is the optimization of
work in systems with complex fluids. We shall consider
the optimization of work produced or consumed by the
ideal thermal machine (Carnot engine or heat pump) in
an non-equilibrium system containing a polymeric fluid
and the environment. Important thermoeconomic ex-
tensions of this problem are possible, which, however
are not considered in this paper. Our optimization
problems belong in thermodynamic optimization, where
process performance criteria are set on purely thermo-
dynamic ground; in a related thermoeconomic problem
investment costs and economic considerations are in-
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volved. Optimization of an operation requires the
knowledge of a performance criterion, a process model
and constraints. It is best if the model is analytical; it
must be selfconsistent and describing the considered
operation in a reasonably broad range of changes of the
process state variables and controls. The optimal solu-
tion must extremize a performance criterion. This and
next section enunciate: the underlying ideas of the the-
ory, its main physical and mathematical ingredients, the
methods involved, and the physical and mathematical
structure of the theory. A synthesizing form allows to
stimulate a state-of-the-art discussion. Issues written for
experts are reduced, to allow a mixed, interdisciplinary
audience. A special effort is made to convince the reader
that the non-Newtonian nature of heat and/or mass
transfer (when described in terms of Carnot intensities 7"
and ') does not complicate the general thermodynamic
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Nomenclature

Aa cumulative and local heat exchange
area, respectively

A finite time availability, generalized
exergy

a, specific area of heat exchange (per unit
volume)

B classical exergy of controlled phase

c,c molar and specific heat

F cross-sectional area of the system

G mass flux (G refers to circulating
flux)

g1, partial conductances

g overall conductance

H enthalpy of polymeric solution

(solvent basis)

enthalpy of driving phase

natural scale of length

transfer area coordinate

molar mass

total number of stages in a multistage

process

current stage number of a multistage

process

P cumulative power output

(0] cumulative heat exchanged

Q1 driving heat in the engine mode of the
stage

R universal gas constant

R(x,1) optimal work function of cost type in
terms of state and time

S entropy of controlled phase

S, specific entropy production

T temperature of controlled phase

T° constant equilibrium temperature of
reservoir

T driving temperature, temperature of
controlling phase

T, T» temperatures of upper and lower
reservoirs (usually 7, = T¢ and T} = T)

Ty, Ty upper and lower temperature of cir-
culating fluid

" temperature of stream leaving the
stage n

Zg SR

N

t physical time, contact time

u=dT/dt  rate of the temperature change as the
control variable

Vv volume of the physical system

V =max W  optimal work function of profit type

V'(x,t) optimal work function for
n-stage process

v linear velocity of the fluid

W=P/G total specific work or total power per
unit mass flux

W solvent content in dense solution
(polymer basis)

X polymer’s concentration in controlled
solution (solvent basis)

of heat transfer coefficient

B relative pressure of solvent

r negative Hessian matrix of entropy
function

Y coordinate of overall cumulative
conductance

Y15 Y2 coordinates of partial conductances

n=p/q first-law efficiency

0" free interval of an independent
variable or time interval at stage n

Ly chemical potential of kth component

14 logarithmic intensity constant

o density

O entropy production

T non-dimensional time, number of the
heat transfer units (//.%)

Subscripts

C Carnot point

i ith state variable

S saturation, equilibrium

a dissipative quantity

1,2 resource fluid and reservoir fluid

Superscripts

e environment, equilibrium

f final state

I initial state

korn number of kth or nth stage

formalism, while it influences the formal structure of
exchange equations (only) beyond the linear regime.
This facilitates and unifies the state-of-the-art discus-
sion.

We explain first the underlying ideas of the theory.
Consider a macroscopic process and its evolution in the
corresponding thermodynamic space, i.e., in the state
space (x) in which the coordinates x are the set of in-
dependent thermodynamic quantities. The general for-

mulation of finite-time thermodynamics (FTT) states
that a completely general extension of classical ther-
modynamic evolution between two points 4(x) and B(x)
can be achieved by adding only one constraint: the
process under consideration must go to completion in a
finite time (either given or undetermined). This single
requirement which clearly goes beyond reversible oper-
ation opens up a wealth of new results and consider-
ations. Some of them are extensions of well established
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concepts (e.g. thermodynamic potential and exergy)
while others are new (e.g. thermodynamic distance and
the need for distinction between objective functions
which govern the finite-time evolution. In this paper, we
focus on the extremum of work in a finite time.

One of possible objectives that can be chosen is work
that can be released (or consumed) from a sequence of
reversible thermal machines when the system which
changes its states between two points 4(x) and B(x) in-
teracts actively with the environment. (This work also
contains the environment intensities, 7¢, u, etc., which
we shall exclude from the set of the state coordinates x
as they are constant parameters.) While the work re-
leased or produced in any reversible evolution from A(x)
to B(x) is the path independent quantity, this work be-
comes a path dependent function in the case of any fi-
nite-time transition occuring between 4(x) and B(x). The
reason is the finiteness of the entropy generation in a
finite time process. This quantity defines both the
availability losses and — after its minimizing — the finite-
time availability, with a residual (minimal) entropy
production. The extremum of work produced (con-
sumed) is then associated with an evolution that mini-
mizes the entropy production, in agreement with the
well-known Gouy-Stodola law. The work extremization
(or the associate entropy production minimization) is by
no means the iron rule when considering a finite-time
evolution. Optimization criteria other than work, such
as economic profit, costs, transfer area, etc., can be
considered which are not less relevant for finite-time
transitions. However, we restrict here to work optim-
ization problems.

The main physical and mathematical ingredients of
the theory are dynamical equations of change which
describe the time evolution of a work-producing system
(called sometimes “‘an active system’). These may be
continuous or discrete. They are derived by combining
balance laws of energy and mass (written in terms of
bulk state coordinates) with laws of energy and mass
transfer through the boundary layers (or resistances)
that are present both in the system and in the environ-
ment. As compared with traditional systems (without
work), the essential system ingredient is the work flux
delivered from engines (or consumed by heat pumps),
located between the system and the environment. This
work flux is maximized in all engine modes and mini-
mized in all heat-pump modes of the system subject to
constraints of entropy and mass conservation, charac-
teristic of each perfect thermal machine. From the for-
mal viewpoint, each such a machine constitutes a
physical discontinuity separating the system from the
environment. This discontinuity is a sort of work-pro-
ducing or work-consuming jump that works due to the
difference between the intense parameters of the system
and the environment at their disjoint interface (i.e., due
to the difference between temperatures 73 and 7» in
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Fig. 1. Generic irreversible engine (0<#n<nc) on the tem-
perature-entropy diagram.
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Fig. 2. A scheme of one-stage heating of a polymeric solution
by a heat pump.

Figs. 1 or 2). This disjoint property enuntiates the in-
herent non-equilibrium nature of the problem. The
methods involved in the theory are those used in dy-
namic optimization. Thus variational calculus, maxi-
mum principle and dynamic programming can be
applied; some of them are discussed in Section 5. They
cause that the mathematical structure of the theory is
symplectic, and the optimal evolutions are governed by
Hamiltonian canonical sets (continuous or discrete).
Knowledge of both classical and non-equilibrium
thermodynamics of complex fluids helps significantly
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in optimization. Relevant classical topics involve
thermomechanics of complex elastic materials, equilib-
rium thermophysics and statistical physics of polymers
[1-5]. Associated non-classical topics involve thermo-
mechanical theories of flowing polymeric fluids, often
derived from non-equilibrium statistical theory of
polymers [6-10]. However, at the present time, no sys-
tematic results are reported in the field of complex fluids
optimization. One basic reason for an insufficient pro-
gress in this direction is the scant development in theory
of non-isothermal complex fluids to date; even advanced
and modern textbooks on rheology and mechanics of
polymeric fluids do not treat systematically the subject
of energy transformations in non-isothermal fluids. Im-
portant contemporary problems of thermodynamic op-
timization, such as irreversible extensions of the Carnot
problem, extremize work from systems with different
temperatures. For a system containing a finite resource
that interacts with an infinite environment in an infinite
time the extremal solutions should yield the classical
exergy at the reversible limit [11]. These problems can be
stated either for resting or for flowing fluids. Yet irre-
versible extensions of exergy to non-Newtonian fluids
are unknown to date in spite of recent progress in clas-
sical and irreversible thermodynamics of complex fluids.

There is an important link between thermodynamic
optimization and process economics. If the process
performance criterion is set on the economic ground, the
optimal solution extremizes an economic profit. When
the equipment in which the process runs is fixed (con-
stant investment cost) and all outputs are prescribed by
the technology requirements, the exploitation cost or the
sum of all economic inputs associated with consumption
of energy and materials can be minimized. In view of the
incompleteness and uncertainty of economic prices data,
thermodynamic optimization is often used to replace the
economic problem of minimum costs by the thermody-
namic problem in which the corresponding exergy costs
(usually total exergy input) are minimized. Approxi-
mately, for all participating forms of matter under as-
sumption of a common economic value of exergy unit, e,
thermodynamic and economic optimizations are equiv-
alent. In reality, however, the values of e are different for
various process participants, and the equivalence is sel-
dom satisfied. Yet, even if the results of both optimiza-
tions diverge, those generated by thermodynamic
optimization have the virtue of larger universality. For
example, the minimum of work necessary to condense
the unit mass of oxygen is the function of the oxygen’s
end states, independent of the fluctuating economic
conditions. It is the state function property of the exergy
which causes thermodynamic optimization to generate
the universal data [11].

Fluxes of work can drive open, thermally isolated
macroscopic systems off the thermodynamic equilib-
rium, thus increasing their exergy. The resulting exergy

surplus can be stored and then exploited. A polymer or a
polymeric fluid can be regarded as a storage system for
the exergy; the work delivered from that system can be
used for suitable benefits. Yet it is well known that (the
dynamical properties of) natural transfer processes are
governed by a common criterion of minimum entropy
production [12]. In this work we show how the criteria of
work and entropy can become reconciled in the realm of
complex fluids and traditional heat and mass transfer
processes. We also show the power of thermodynamic
approaches when using these basic criteria in modeling
and optimization of sequential thermal machines.

We shall construct exergy and entropy criteria for
optimization of sequential work-assisted thermome-
chanical operations which run jointly with ‘endorevers-
ible’ thermal machines, and compare the structures of
these criteria with those describing traditional (heat and
mass) transfer operations (without work). At the present
time three basic approaches are available while modeling
and optimizing thermomechanical systems with pro-
duction or consumption of mechanical energy (work):
classical second law analyses [11], finite time thermo-
dynamics (FTT, [12]) and entropy generation minim-
ization (EGM, [13]). Of these approaches especially FTT
and EGM systematically include the various concepts of
contemporary irreversible thermodynamics. Their po-
tential for incorporating results from dissipative fluid
mechanics or non-equilibrium field thermodynamics can
also be shown [12,13]. The significance of FTT and
EGM methods will increase in the future because of (i)
their flexibility in incorporating irreversible theories
through the use of the independent information con-
tained in the entropy generation o, (ii) the broad range
of realistic power-type or cost-type criteria encom-
passed, and (iii) their explicit use of the concepts of the
process state and state control in the generalized sense of
process dynamics. The traditional second law analyses
are less suitable; their globality is a dangerous feature,
which may lead to errors [14,15]. Because of their own
limitations, global analyses are more useful for identi-
fying improper processes than for proving that an actual
design will work. Therefore, only local approaches, such
as FTT and EGM, which link the differential balances
with kinetics are fully reliable. But such approaches
while still under the development for thermomechanical
systems [16-19] are practically absent in the realm of
polymeric fluids. For optimization of systems of heat
pump type which consume work or systems of engine
type which produce work, the need for local approaches
(which include local treatments of balance and kinetics)
is explicit even in those works which contain otherwise
detailed thermoeconomic accounting [18,19].

This work contributes to the theory of energy pro-
duction (consumption) in all thermal systems in which
effect of fluxes on efficiencies is essential. As the incor-
poration of non-Carnot efficiencies into optimization
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models requires usually rather advanced analyses
[20-23], optimization of systems containing thermal ma-
chines (engines or work consumers) with complex fluids is
the new subject. In view of this fact, our present work
shows in Section 3, how to derive non-Carnot efficiencies
and formulate suitable thermodynamic criteria for opti-
mization of operations with non-Newtonian heat ex-
change. This particularly refers to sequential systems with
finite and infinitesimal stages, analyzed in Section 4. In
this analysis the development of analogy between the
work-assisted and traditional operations should be
pointed out. In an efficiency expression for a thermome-
chanical machine, a simple substitution applies which
introduces the ‘driving temperature’ 77, a suitable control
variable. In terms of 7’ the first-law efficiency of the
machine is simply given by the Carnot formula,
n=1—T¢/T'". Furthermore, by using 7’ we arrive at the
structure of the entropy production &s which is in
agreement with the well-known expression for & in the
conventional processes, which do not produce any work
[12,23,24]. Also, in terms of 7’, the Gouy-Stodola law
[11] holds in the form which is precisely that of the tra-
ditional processes. In fact, we observe in Sections 4-6 a
number of intriguing analogies between the work-assisted
and traditional operations which help optimize the for-
mer. In particular, Section 6 shows how to obtain gen-
eralized functionals of work and entropy production for
the case of heat transfer coupled with transfer of mass. In
Section 7 we exploit the thermodynamic data of Section 2
to obtain finite-time exergies for operations with coupled
heat and mass transfer. Section 8 summarises our results
and presents the most important conclusions.

For multistage thermomechanical operations, equa-
tions of the theory apply discrete models based on dif-
ference rather than differential equations. An analogy
between optimal multistage processes with free time in-
tervals 0" (described by difference equations and opti-
mization criteria in form of sums) and continuous
processes (described by differential equations and opti-
mization criteria in form of integrals) is essential [24-30].
Thanks to this analogy, optimization algorithms ob-
tained in the continuous framework can easily be
transformed to algorithms of discrete processes, which
means that analyses made in one framework need not be
repeated in the other. A discrete Hamiltonian function,
which is constant along optimal trajectories, is a suitable
tool that governs the discrete optimization scheme.
Optimization theory for the discrete processes with free
time intervals 0" is similar to Pontryagin’s continuous
theory, in contrast to standard theory of discrete pro-
cesses [24]. This Pontryagin’s-type discrete theory was
developed in the context of multistage separation oper-
ations and chemical reactors [24-30]. The parallelism
between continuous and discrete models of thermome-
chanical operations is a new subject [31] which is worth
exploiting as it helps generate the results of optimal

work and thermodynamic limits in a systematic way. In
this development we refer the reader to our earlier
publications on extremum work generated from (or
supplied to) Newtonian systems [21-23,32].

2. Finite-time generalization of classical reversible work

This section shows the link between classical and ir-
reversible thermodynamis of maximum work in a finite
time. As the finite-time work depends on both thermo-
dynamic and flow properties, both classical and irre-
versible thermodynamics are applied in modeling of
energy production (consumption). The suitable systems
involve a polymeric fluid that interacts through an en-
gine or a heat pump with the environment or an infinite
bath, Figs. 1 and 2. To study thermodynamics and
transport phenomena in polymeric fluids, some kind of
mechanical model which represents the actual molecule
of the polymer should be accepted first. As the motion of
molecules in flowing systems is more complicated than
in equilibrium systems, we cannot model rheological
systems rigorously. Hence the lumped-parameter
framework is often accepted; it is also accepted here.
Simplifications are also made in molecular models, both
in those describing dilute polymeric solutions and in
those for concentrated polymers, melts and amorphous
solids. Of many kinds of synthetic and biological poly-
mers, such as: long chainlike molecules, rigid molecules,
chains with side branches, etc., we may consider only the
first of these: long flexible chains with repeating units.
Even the elastic dumbbell, a highly oversimplified sur-
rogate of the bead-spring chain, is quite applicable in
exploratory investigations. For qualitative aims, dum-
bell models with finitely extensive non-linear elastic
(FENE) spring forces can be used. These models can
simulate well both mechanical and thermal properties of
the chain: its stretchability, its orientablility and its
many degrees of freedom. However, to date, these
models were used to simulate mainly mechanical prop-
erties of flows (such as: steady shear flow, inception of
shear flow, steady elongational flow and inception of
elongational flow). Based on these models, statistical
theories of polymer conformations appeared aimed to
find the probability distribution for the distance d be-
tween the ends of the n-mer, for a definite model of the
chain. The cell (or lattice) theory of chain molecules can
also be exploited [4]. It lead to very good correlations of
specific heats for hydrocarbons and it was shown to
interpret well properties of non-polar polymer solutions.
The phase-space molecular theory can describe thermal
and transport properties for both dilute solutions and
for concentrated solutions and melts. For the latter,
other theories, those of network type, derivable from the
kinetic theory of rubber elasticity or Doi-Edwards
‘slipping network model’ [5,7] can also be used. As the
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extremum work problem can be stated for polymers in
solid, liquid or glassy states and also for polymeric
solutions and suspensions, properties of polymers in
diverse states are generally required.

When the polymers long-chain properties are taken
into account, the thermodynamic data stemming from
Flory-Huggins theory [1-6] make it possible to calculate
exergy functions, which are directly related to the re-
versible-minimum separation work of polymers from
their solutions. The so-called engine convention is used
here in which the work produced during the polymer’s
dissolving W is positive. This corresponds with the
negative work W [or the positive work (—WW)] which is
consumed during the solution separation. Assuming an
s-component mixture in which the solvent is the first
component, the reversible exergy per unit mass of the
mixture at flow is

Adass:Z{]—Ii_]{ie_Te(Si_S,'e)}xh (1)
=1
where x; are mass fractions.

With this equation, the reversible separation work
for a definite system follows from the input—output
analysis applied to 4°%%. A generalized expression ob-
tained from the above formula in the finite-time ther-
modynamics takes into account irreversible losses of
work

(W) = A (H; — T8, — 1), + T°S,
i=1

=AH —T°AS— ) [{Ax; +T°S,
=1

= (=W )pin + T°S5 (2)
where S, is the entropy production per unit flow of the
mixture and the operator A refers to two arbitrary states
of the system of which the second follows the first. This
equation incorporates the Gouy-Stodola law for the
process in which a dissipative fluid changes its states by
interacting with the environment through the perfect
thermal machine. The work (—#) is a functional which
is expressed above as the change of the exergy (avail-
ability) potential plus the product of 7¢ and the entropy
production functional. The classical exergies correspond
with S, = 0. See [11] for classical exergies.

Similar formulae refer to work per unit amount of
the solvent. For dilute solutions, it coincides with the
work per unit mass of the solution. For a solvent—
polymer system

(=) = A{H, — Hf — T*(Sy — §%) + 2’ [Hy — HS
— TS = S5)] } + T°S, (3)
or, equivalently,
(=W) = A{H, = T°S; — i + (Hy — TS, — 453) X'} + T°S,
= AH — T°AS = |5AZ + T°S,
= (=W)m + T°S,. (4)

min

On the other hand, the polymer’s dissolving can
produce work. This requires considering the process
with inverted thermodynamic states. As for any two
thermodynamic states .« and % the modules of the re-
versible work are equal after the end states are inverted,
e W (B of) = (~ W) (o — B) = AL, we

find for the inverse process of work production during
the polymer’s dissolving

W — W' = —T°S,. (5)

max

It is the finite rates which decrease the mechanical
energy yield. Eq. (5) may be compared with the previous
result for the excess of separation work caused by finite
rates

(=W) = (—W;) = T°S,. (6)

min

As the entropy production is always positive, the
above formulae state that the finite-time separation
work of the polymer from its solution, (—W), is larger
than the change of the classical exergy or (—W). .,
whereas the work which could be produced during the
process of polymer’s dissolving, W, must be smaller that
the corresponding change of the classical exergy, W\, .
In fact, for a majority of processes in which polymers are
dissolved, the real work W equals zero, corresponding
with a natural process and a finite rate of the entropy
production, S, = WX /T¢, associated with a finite rate
of spontaneous dissolving.

Clearly, our expressions take into account the en-
tropy generation in the non-equilibrium system com-
posed of a polymeric solution and the thermal reservoir.
Our formulae show how the classical results which de-
scribe the reversible work can be generalized when
evalulating the extremum work delivered with a finite
rate, when irreversibilities play a role. When one of the
end states is that of equilibrium the extremum values of
the work functionals describe the so-called finite time
exergies as they refer to changes of the system between
two different thermodynamic states in a finite time.

The finite-time extremum work depends on transport
properties of a complex fluid under consideration (as
opposed to the reversible-extremum work, which is in-
dependent on these transport properties). Hence the
need for at least a residual information helping to
evaluate thermal conductivities and diffusion coeffi-
cients, such as that in Egs. (7)—(9). From these data
conductances of heat and mass transfer follow which are
used to calculate finite time exergies. These conduc-
tances are defined as products of respective transfer ar-
eas and heat (or mass) transfer coefficients — ratios of
corresponding conductivities (diffusivities) and thick-
nesses of resistive layers. To evaluate data of solid
conductances, the calculation of thermal conductivity of
solid polymers, 4, is required; this is based on generally
accepted principles of the heat transfer mechanism in
solids [2]. The phonon model of heat conduction leads to
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expression of the type 1 = Kc,ul, where K is a constant,
u average sound speed and |1 mean free path for pho-
nons. For crystalline polymers the product c,u decreases
with 7 and so does /; approximately one can have:
A=2,=02 J/(mKs) at T>7T, and A= 24,+0.17
(T,,—T) at T <T, [3]. For amorphous polymers at
T < T. the mean free path / is temperature independent
and / increases with 7; approximately: A = . = 0.19 J/
(mKs) at T>T, and 1=1.—0.02(T. —T) at T < T..
The adduced sources also help to estimate thermal
conductivities of polymeric solutions. In solutions es-
sential changes of A with concentration are observed for
mass fractions x less than 0.2-0.3 [3]. For larger x the
thermal conductivity of a solution A is approximately
concentration independent and its temperature depen-
dence is analogous to that for melts, which predicts the
decrease of /1 with T. This agrees with the additivity of
the ‘free volume’ effect [3,4]; thus for evaluations of 1 in
solutions the following formula can be used

d=Jo+ (A — Jo)x/(1 — b(1 —x)), (7)

where 4y and A, are respectively the thermal conductiv-
ities of the solvent and molten polymer and b is the
polymer constant. The above formula was proposed in
[3]; its engineering approximation is based on an average
value of b = 0.7, where A; = 0.19 J/(mKs) can be used as
the simplest estimate in the absence of more exact data.
Evaluations of A for 7 lower than the melting or dis-
solving temperature are less important as solid polymers
are then usually in forms of suspensions whose thermal
conductivities in convective heat transfer processes are
determined by the thermal conductivity of surrounding
liquid. In sheared polymeric liquids experiments show
the effect of polymer conformation on the anisotropy of
thermal conductivity: the values of /1 parallel to the
molecule backbone are higher than those perpendicular
to it. Theoretical analyzes of microstructure [5-7] derive
a general equation for the thermal conductivity tensor
applicable to amorphous polymers and polymeric solu-
tions. The first term of this equation is related to the
thermal conductivity of the solvent, the second to the
mass fraction of the polymer and the other to micro-
scopic parameters of the model. Here we shall neglect
these anisotropic effects; however we refer the reader to
review of these issues [9]. Amongst many specific effects,
one may take into account the effect of the concentration
affected heat transfer [5]. It should also be stressed that
the applicability of the Fourier’s law, g = —AVT, does
not necessarily mean the Newtonian equation of heat
exchange, ¢ = oAT. Examples are natural convection
and boiling systems, where o may be proportional to
AT'*. In fact, we consider in this paper an exchange
equation of the form ¢; = g;AT“, where g is a con-
ductance-like constant.

Mass transfer conductances in polymeric solutions
folllow from their diffusivity coefficients. As the rate of

thermal motion of molecules can be characterized by the
selfdiffusion coefficient, a polymer—solvent system can be
characterized by two selfdiffusion coefficients: that of the
solvent, D; and that of the solved substance (polymer),
D,. Frenkel’s vacancy model can be used to evaluate
these selfdiffusion coefficients and related mobilities. The
resulting coefficient of mutual diffusion D, (which ap-
pears in the second Fick’s law) can be calculated in
terms of D, and D,. It refers to the crosssection satis-
fying the condition that on its both sides the system
volume conserves the constant value. Then, in terms of
the molar concentrations Cy, at constant P and T,
1 Oy 1 D Opty

D, =—Dv Uy
! ath27

RT "'8nc, Rr "™ ®)

where the coefficients D; and D, satisfy the equality
D\/M, = D,/M, and the subscript 2 refers to the poly-
mer as the solved substance [3]. For ideal systems
D, =D, =D, =D, where D is the selfdiffusion coeffi-
cient. If the crosssection associated with the stagnant
solvent is used (the case of interest here), the coefficient
Dy =D,/(1 — ¢,) should be used, where ¢, is the vol-
ume fraction of the polymer. Then the following work-
ing formula holds for the diffusion of polymer with
respect to the solvent
D

1—¢,
where D, = kT /A, is the selfdiffusion coefficient of the
solvent based on the frictional coefficient A;, and
m = V,/V,. The interaction coefficient 2 can be evalu-
ated from Flory’s theory or red off from respective di-
agrams [3,4]. We assume that the above equations are
sufficient to calculate the diffusion coefficients and re-
lated mass conductances.

Dy = (2 + (¢1/m —22))P10s, )

3. Power generation or consumption in sequential opera-
tions with heat transfer

From the view point of energy transformations the
complex fluid plays the role of a resource whenever its
intense parameters differ from those in equilibrium with
an environment. This difference causes the yield of me-
chanical energy in an engine-type process. During the
energy yield the value of any finite resource decreases,
the depreciation is associated with change of the re-
source’s intense parameters towards its equilibrium with
the environment. Yet the resource utilization is possible
in the inverse process, that of heat-pump type, where
work is consumed and state changes of the resource are
directed outwards the equilibrium. Here we shall con-
sider these energy- transforming processes in two cases,
the first (simpler) in which the fluid’s state changes are
restricted to changes in fluid’s temperature only, whereas
the polymer’s concentration in the fluid is fixed at the
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level of its initial value, and the second, more realistic
but also more involved, in which the concentration may
vary.

To begin with, let us consider the work generation or
consumption in an “endoreversible’”’ (internally revers-
ible) thermal machine, an engine or heat pump, which
interacts with a high-T fluid flowing with the mass flux
G. Principles of modeling of sequential endoreversible
systems composed of engines or heat pumps working at
steady state are known [12]. Fig. 2 presents a scheme of a
single-stage system in which a polymeric fluid is heated
by an endoreversible heat pump to which work is sup-
plied; the second fluid is an infinite reservoir. This op-
eration can be contrasted with an endoreversible engine
where a resource fluid drives the Carnot engine from
which the work is taken out (the second fluid is again an
infinite reservoir).

On the other hand, Fig. 3 shows a scheme of multi-
stage power consumption. The fluids are of finite ther-
mal conductivity, hence there are finite thermal
resistances in the system, representing the dissipative
effect of their thermal boundary layers. In a multistage
heating the fluid’s T changes at each stage; the whole
process is characterized by the sequence 7°,T',... TV,

We use the common ‘engine convention’ in which the
work generated in an engine, W, is positive, and the
work generated in a heat pump is negative; this means
that a positive work (—W) is consumed in the heat
pump. The quantity W has the dimension of work per
unit mass, thus it describes a specific work produced or
consumed by the fluid at flow. In thermodynamic opti-
mization, the work generated by an engine is maximized

and the work consumed by a heat pump is minimized.
The optimization is made under a set of various process
constraints which may include those imposed on total
investment costs. When the final state of the resource
fluid is the state of equilibrium with the environment
(TN = T*), the maximal specific work represents a finite-
time exergy of the engine mode for the fluid at flow.
When the initial state of the controlled fluid is at the
state of equilibrium with the environment (7° = T¢), the
minimal specific work to achieve TV represents a finite-
time exergy of the heat-pump mode.

The considerations below are constrained for sta-
tionary or cyclic processes in which there is no entropy
accumulation and the entropy production vanishes in the
reversible part of the system. In a single-stage process the
fluid’s temperature changes between T° and T, the re-
lated heat flux is ¢; = Ge(T! — T°). We can evaluate the
specific work produced in a single endoreversible engine
or that consumed in a single endoreversible heat pump
[12]. As the endoreversible machine is a lumped-param-
eter model for a generic class of real work-producing
devices with irreversible dissipators (heat and mass
conductors), the problem of finite-time optimization of
work can be imbedded in (or derived from) the general
economic problem of optimization of a practical device
subject to the constrained investment. The constrained
investment means that the device or an industrial enter-
prise requires the investment money to be used with
limitations, hence the system size and/or the residence
time of flowing entities (e.g. heat media, reacting species,
etc.) must be finite. Thus, it is only a finite time possible
to accomplish required changes of state in a real process.

. n
—CI1J1' A '
AY Y[ Woea | [/ Kl v/ o
g = LT : T s -
—pil- s j} 'H )1<n-1 P fluid——»
power P

environment T,

Cn-l

CN [

g
7~

>

Fig. 3. A scheme of multistage work-assisted removal of solvent from a polymeric solution, driven by heat and mass transfer processes

in boundary layers and thermal machines.
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This property is not taken into account in classical
thermostatics in which reversible changes of state (asso-
ciated with vanishing rates and infinite durations) admit
an infinite investment. It is for the economical reasons,
associated with tradeoff between the investment and fuel
costs, that the optimal times are finite. An immediate
consequence of this fact is that the optimal efficiency of
an endoreversible engine is smaller than the Carnot effi-
ciency whereas the optimal efficiency of an endorevers-
ible heat pump is larger than the Carnot efficiency. The
latter is approached by an endoreversible engine either in
the case of a very slow fluid flow G or for a very large
transfer area 4. The first case cannot be, however, an
optimum as it corresponds with vanishing thermal and
mechanical powers, ¢; and p (consider Eq. (15)). Other-
wise, the second case could only occur at the expense of a
very large investment, i.e., for an infinite transfer areas
(infinite length of the system). Thus the optimal powers
q1, p and the optimal duration must be finite, and it is the
optimization that decides about the most proper regime
in which the system should work. These effects can be
enunciated in the quantitative way [21,22].

For an endoreversible process without mass transfer,
the power optimization at the process stage can be
achieved by using a single control variable which affects
the mechanical power through its influence on the actual
efficiency. The endoreversible efficiency of the engine,
n=1—Ty/T»,is, of course, lower than that of a Carnot
engine working between the temperatures 7, and 7,
because the engine itself operates on the reduced tem-
perature difference 71, — 7. The temperatures 7 and T»
are unknown, but they may be expressed in terms of the
temperatures 77 and 75> and a single control variable at
the stage under consideration. The choice of the control
variable is in principle arbitrary; for example, the con-
trol may be the heat flux, ¢;, the related entropy flux 4,
the efficiency, n, the temperature difference 7}, — 7>, or
others. By setting one of these variables, subject the
continuity of the entropy flux through the engine, a finite
intensity of the process is decided, and all other quan-
tities follow along with the power p.

At first, however, we have to accept a heat exchange
law between the engine or heat pump and the complex-
fluid resource which drives the engine or receives the
upgrated heat from the heat pump. Linear law (New-
tonian heat exchange) may be too restrictive; otherwise
the power-law heat exchange, heat flux proportional to
the ath power of AT, is sufficiently general to our pur-
poses. The non-unit exponents in the power-law heat
transfer occur, for example, in natural convection heat
exchange. If the heat flux ¢; is the control variable and
the power law, heat flow proportional to the AT?, de-
scribes the heat exchange, the first primed temperature
Ty follows in terms of the controlling heat ¢, directly

Ty =T —(q:1/g)"" (10)

On the other hand, the entropy balance is necessary
to evaluate the temperature 75 in terms of ¢;. It has here
the form of the continuity equation for the entropy flux
through the reversible part of engine, q,/Ty = g2/T».
With Eq. (10) and the power law for ¢, with the expo-
nent b, the entropy balance can be written in the form

a o -1)
T (q1/gn)"" Iy

After defining the entropy flux function

q1
g, T81) = — %
I —(q/g1)"

=q1(T — (@1 /g)")"" (12)

we write the entropy balance (11) in the form of an
equation for the temperature Ty

(Ty = )" — Tv9(q1, Th,81)g, ' = 0. (12)

To obtain 7> for an arbitrary b, this equation should
be solved by numerical methods. However, in some
cases analytical solutions can be found. This is so in the
case when b = 1, which refers to the Newtonian heat
exchange between the engine fluid and the thermal res-
ervoir. The solution to Eq. (12') in terms of Ty is then

(11)

T,
Ty(q, T, T») = =9 Te)/s

= T2

1—q1/(g(T — (@1/g1)"")
= T2

1= (q1/g)(T — (q1/g1)"") ™"

P

0 1)

Note that this equation is still quite general as the
exchange of the a-heat can refer to an arbitrary a. Only
the exchange of the h-heat must be Newtonian, i.e.,
satisfying b = 1. Eq. (13) will be the basis for our con-
siderations here.

Yet, just for the sake of showing the correspondence
with simpler but otherwise familiar solution, we shall
occasionally digress our attention to the most special
case, when both power coefficients ¢ and b equal the
unity, i.e., @ =b = 1. This pertains to the Newtonian
heat exchange between the thermal machine and both
fluids (the resource fluid and the reservoir fluid). We
then recover the familiar formula

-1
Tz'(thhTz):TZ(l ql/gZ )

T —q1/g
—7 T —qi/g
n *Ql/gl *‘h/gz
T, —
i 91/ (13)

*Ti—a/g’
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where the overall conductance of heat transfer is defined
in the traditional way, as the harmonic mean; g =
(1/g1+1/2)"" or 2182/ (&1 + &)

Now we return to our basic formula, Eq. (13). The
first-law efficiency of the internal engine satisfies the
Carnot formula in terms of 7y and 7». With Egs. (10)
and (13) this efficiency is obtained in terms of 77, 7> and
g1 as

— 1 Tz/ _ T2 _ 1 Tz
S T [P 1) F TRy =
_ 5
- (‘Il/gl)l/a —q1/%
T
=1- 1/a ) (14)
T = (=) " + (g1/82)u
where u; = —q,/g; is a measure of the heat added to the

fluid 1, a suitable control if g; is constant. It has units of
ath power of temperature, and is positive for fluid
heating and negative for fluid cooling. The quantity u,
should be distinguished from a similar one, u = —¢, /g,
that was used in our earlier publications [21-23,31,32]
and is suitable only for Newtonian transfer. From Eq.
(14) we conclude that a quite simple equation links
mechanical power p with heat flux ¢,

1 I — (a1 /e)" — a1/g
g
R : 15
¢ ( T — (—u)" + (gl/gz)u1> (1)

where the bracketed expression is the first-law efficiency.
In the case of Newtonian heat transfer in both resistive
layers (a = b = 1) we recover the well-known formula

T, T
—q(1-— 2 )= —qu1- , 15
P 6]1( Tl—gflql) gu( 7'1+u> (15)

where u = —¢q;/g is based on the total conductance g
[21,22,31,32].

The efficiency of an engine, Eq. (14) or the bracketed
term in Eq. (15), deviates monotonically from the Car-
not law with the finite ¢, or u. Also, the power p deviates
from that of the Carnot model due to a finite ¢;. For a
quasistatic transfer, i.e for very low g; or u, the efficiency
n is that of Carnot. Yet the efficiency is zero for a suf-
ficiently large ¢, at the Fourier point, where the heat flux
satisfies an equation

(gr/g)"“ + qr/g2 — Ti + T, = 0. (16)

This corresponds to pure heat conduction and no
power production at all. Thus the power vanishes at
both ¢; = 0 and ¢, = ¢, hence there is a maximum of
power p at an intermediate point. The mechanical power
may be produced only in the range of efficiencies be-
tween 0 and 7,.

The inverted forms of Egs. (15) or (15’) could be used
to present quantities of interest (power p, released heat
w, etc.) in terms of the efficiency control # instead of the
heat flux control ¢;. For the Newtonian heat transfer, it
follows from Eq. (15’) that the mechanical power
p=nq, equals p=gn(Ty — T»/(1 —n)). This is the
formula available for mathematical analysis. However,
the non-Newtonian generalization of this formula re-
quires explicit solving of Eq. (15) with respect to ¢,. This
is why the heat flux representation of control is more
suitable in analysis than the efficiency representation.

Using Eq. (15), the specific work produced in a single
endoreversible engine (or that consumed in a single en-
doreversible heat pump) equals W = p'/¢ [12], where G
is the fluid’s mass flux. Each of the quantities: ¢y, g or ¢,
and g, influence W; each is proportional to the corre-
sponding transfer area, a; or a,. Only in the Newtonian
case (a=1) the overall thermal conductance of the
thermal machine can be found as the product g = «'a
where o — an overall heat transfer coefficient, a — total
area (the sum of upper and lower areas) and ¢ — fluid’s
specific heat. Whenever the heat exchange is non-New-
tonian one has to deal with both partial conductances,
g1 and g,. The maximum of W defines the bound for the
one-stage work production. In the non-Newtonian case,
the condition 9p/dg, = 0 applied to Eq. (15) leads to an
equation

l, 1
Lo h—(q/e) —a/g
= (agl)fl(ql/gl)l/afl +1/g (17)

1 a ’
I - (Ch/gl)l/ - 6]1/g2)2
that can be simplified into the form

(T = (q1/2)"" — q1/g:)" = BT + T>(1 — 1/a)
x (q1/g1)"" =0. (17

From this equation an optimal value of ¢; is obtained
by a search procedure. The associated maximum power
and efficiency then follow from Eq. (15). The benefit of
having the analytical expression for the work production
at the stage, Eq. (15), is more essential than the disad-
vantage caused by the numerical solving of Eq. (17'). In
the Newtonian case, when @ =1 and analytical solu-
tion exists, Eq. (17') yields the optimal value (¢'),
= g(Th — v/T1T») which corresponds with the first-law
efficiency #,, = 1 — /Ti T; called the Novikov—Curzon—
Ahlborn efficiency or NCA efficiency [12,13,32]. Note
that this NCA efficiency is not an extremum efficiency
but the efficiency at the maximum power point.

To apply the power generation function, Eq. (15), to
a continuous sequential system, the ratios ¢,/g; and
q1/g> should be expressed in terms of the derivatives of
the state variable 7;. To achieve this goal, we define for
each transfer area, a; or a,, the “length of the transfer
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unit” & and the non-dimensional length //.% called the
“number of transfer units”. Also the unit volume
counterparts, a,; = a;/V; or a,, = ay/V}, of the transfer
areas involved, a; or a,, are defined. They are always
referred to the volume occupied by the resource fluid
(fluid 1). Consequently

G l o F v t
‘1 Egh TIE—:m/:ala]ﬁ:—l
oa, i 2 Gce, pici K1
(18a)
and
G l ki » t
i Egz, 1227:7a2a2112a202t15i7
ank < Gey pic K2
(18b)

where #, = //V} = p,Fi//G is the fluid’s residence time
and x; and k; play the role of the time constants of the
system. With these definitions, the heat balance over the
differential length d/ yields

ur = —q1/g1 = —d01/dy, = Ge(T1)dT; /(o1 d4y)
GC(ﬂ)dﬂ/(dlaylﬂdf):gl(Tl)dTl/d/ (193)

and
—q1/8& =g /g = —d0/dy,
= GC(Tl)dTl/(Otszz)
= GC(T])dTl/((Xzaszl d/)
— 5(Ty, 1) dT} /d/, (19b)

where u; = —¢,/g;. Note that ¥, /%, = g2/g1. Thus, in
continuous systems, the cumulative specific work of the
fluid at flow is described by the Lagrange differential

T,
dWEdp/G—C(T1)<1— P )dT]
T —(/g)" — a1/

T,
_C(Tl)<1—T l/a )
1_(—$1dTl/d/) +$2dTl/d/
x (dTy/d¢)ds. (20)

In this equation the temperature of the infinite res-
ervoir, 7, = T°¢, is the constant parameter. In the first
approximation .#; and %, can be assumed as the tem-
perature independent quantities. The constancy as-
sumption for ¢; is more risky, and should be restricted to
ideal fluids. The total work W is the corresponding in-
tegral with respect to /, whose Euler—Lagrange equation
defines the extremal temperature profile 7(¢).

Consider now multistage sequential systems. The sign
of the optimal work function V¥ = max WV defines the
working mode for an optimal sequential process as a
whole. In agreement with our conventions, W» and V¥
are positive in work production modes. An engine pro-
cess accompanies the (overall) system’s relaxation to
equilibrium, whereas the heat-pump process assures the

system’s departure from equilibrium. Therefore in en-
gine modes, W >0 and 7 > 0. In heat-pump modes,
W <0 and ¥V <0, thus working with a function
RY = —V¥ = min(—W") is more convenient. However
the direction of any sequential process is determined by
the positivity of entropy production rather than by the
sign of a work function. Of special attention are two
processes: that which starts with the state 7° = 7° and
terminates at an arbitrary TV = T, and that which starts
at an arbitrary 7° = T and terminates at 7°. In these
cases the functions V'V generalize the classical exergy for
discrete processes with finite durations (which run in
pumping or engine modes).

In multistage systems one should sum expressions
corresponding with Eq. (15) over stages. All nth stage
quantities are designated by the superscript n. As in the
continuous case, the partial conductance g} (the product
of the transfer coefficient o« and the change of a cu-
mulative area A} at the nth stage) is the basic transfer
variable. A suitably transformed form of this equation,
Eq. (21) below, is useful. It applies the previous defini-
tions in an expression for the work delivered or con-
sumed at the stage n per unit flow of the resource fluid
(the fluid driving an engine or the fluid heated in the
condenser of a heat pump)

"G |1 Te '-T7
= —C —_ —_
Pl )( Tf—(q'f/gf)”“—q?/gs>( o
TC

— e[ 1- T -Ty).
( )( Tl"—(—u*:)”“+(g?/g§)u7>( )
(21)

It was assumed here that the reservoir temperature 7,
is equal to the constant temperature of the environment,
TC.

4. Discrete and continuous integrals for work and entropy
production

Summing the local work expressions over stages and
casting the problem in the format of the discrete maxi-
mum principle we arrive at the discrete functional of
consumed work

N
TC
(—WN) = C](Tn) <1 - . )
Z Ty — (—u})"" + (g1 /gh)u;
N

X (17 =) =Y e (1)

n=1
Te
X (1 — Ta
Ty = (—u) ™ + (&1/g5)u
where 0] = (/" —¢"")/%". A special form of this

equation which deals with the Newtonian heat transfer
in a fluid with a constant ¢ may be written as

>u79';. (22)
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w Y 1 r 0" 22
() =1 gt Je (2)
where " = —¢//g". In this formula the interval 6" refers
to the overall conductance g" and to the overall non-
dimensional quantity: the number of overall heat
transfer units, whereas its counterpart 6} in the general
formula, Eq. (22), refers to the partial quantity .} and
hence to the partial number of heat transfer units, j.

The discrete functional (22) has to be minimized
subject to the difference constraints

" — Tnfl
IOTI =u (23a)
1
and
n __ on—1
% -1 (23b)
1

Eq. (22) describes the work which must be supplied
to processes in which the controlled fluid is sequentially
heated in condensers of N endoreversible heat pumps.
Yet, this formulation is valid for both process modes,
i.e., for the heat-pump mode in which work is consumed
and for the engine mode in which work is generated.

In the limiting case of an infinite number of stages a
work integral follows from Eq. (22)

wW=P/G

- _cl(Tl) (1 - Tj/a ) dTl
Ty — (dOy/dyy) " — (dQy/dy,
T .
=—c ()| 1- T — | 71 dy,
( 1)( T — (-1 +<g1/gz>n>
(24)

where the derivative dQ,/dy, = lim(q,/g,) = —dT;/dt,
is the limiting driving heat at an infinitesimal stage per
unit thermal conductance 1. The temperature derivative
Ty is with respect to the non-dimensional time 7; or the
partial number of heat transfer units, which satisfies the
second definition in Eq. (18a). The special case of Eq.
(24) refers to the Newtonian heat transfer with a con-
stant specific heat

7f Te

Tt Tc
:—/ c(l——.)Tldy. (24)
Ti T+ T

This formula involves the overall non-dimensional
quantity t and the related derivative T =dr1, /dt.

Integral (24) generalizes for non-Newtonian heat
exchange the recent result, Eq. (24) of [32]. The two
extrema for work (24), (— W) and (W), describe the
work limits for fluid state changes in two continuous

processes of which the first runs in an original direction
and the second in the inverse direction. In an original
process, the initial temperature is 7' and the final tem-
perature is 77, in the inverse process the direction is from
Tt to T'. The result for (—Wpy,,) defines the lower bound
referred to fluid’s heating in an infinite sequence of ini-
finitesimal heat pumps, whereas that for (#,,x) defines
the upper bound referred to fluid’s cooling in an infinite
sequence of inifinitesimal engines. For pure heat transfer
processes, to which Eq. (11) applies, these bounds can
conveniently be evaluated as differences between finite-
time exergies evaluated for initial and final states of the
process [21,22,31]. Further we will consider generalized
exergies which describe coupled heat and mass transfer;
this will make it possible to determine generalized
bounds on work production or consumption for more
difficult processes.

First, however, we recall the Gouy-Stodola law
which allows to identify the entropy production in work
functionals without direct recourse to an irreversible
entropy balance. Indeed by integration of Eq. (24) a
non-Newtonian generalization of the work functional
(24') is found

w

7'
2/G=- [ am)
JT!
T¢ T° T .
X|1—=+=- - —T | dy
1/a
nho T N —(-N)""+ (g182)Th

/:CI(T')(I 7%)&1 T°/:c.(Tl)

|- B+ @/e)h] .
X . - T] d‘El‘ (25)
N7 = (1) + (&1 /)]

In the second line, the reversible thermodynamic
work W™ (the classical exergy change) was singled out
as the separate integral. The second integral represents
the total production of the specific entropy when fluid
changes its temperature from 7% to 7'. To effectively deal
with this entropy production we will use the substitution
defining the “driving temperature”

=1 —(-1)" +(g1/e)h. (26)

With this substitution the classical form of the en-
tropy production is explicit in the work functional

W=P/G

Tf
Te
_ _/p c.(Tl)(l —ﬁ)dn

—Te/Tf-(T) RN e (25)
. cildy 7T 1

whereas the associated efficiency (24) takes the Carnot
form with respect to 7" and T°
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T T T
n=l-p=1- — —=1-—.
v h—(-1)""+(&/&)T

(14)

Note that the associated equation of the heat ex-
change is not of the simple form 7 = 7’ — T; it is rather
contained in the definition of 7’, Eq. (26). If, however,
a =1, ie., the fluid is Newtonian, the linear kinetics
Ty =T — T, is obtained from Eq. (26) in which the
overall rather than partial number of heat transfer units
represents the non-dimensional time variable 7. With 7’
in Eq. (24’) a familiar functional for Newtonian heat
exchange is recovered [32]

W=Pp/G

Tt e o Tf r 2
:f/ c 171 dTlfTe/ cudr.
Ti T Ti nr

(24)

All above equations apply the ‘driving temperature’
7", as an alternative control. ! Due to this special control
variable we have arrived at the entropy production in
Eq. (25) which is in agreement with the well-known ex-
pression for the entropy production in conventional
heating processes, which do not produce any work
[12,23-26]. The driving temperature 7’ appears as an
absolute temperature of an external fluid whose thermal
effect exerted on the fluid heated or cooled by a thermal
machine replaces the joint effect of the Carnot machine
and the reservoir. In terms of 7° and T° the first-law
efficiency is simply given by the Carnot formula, Eq.
(14'). It can also be proven that 7’ is a positive quantity
[23].

The second integral in Eq. (25) relates the specific
entropy production to the product of the differential
change of fluid’s enthalpy, d/ = ¢d7, and the driving
force (1/77 — 1/T"). In this analysis we observe that it is
the entropy production which causes the non-potential
component of the work integral. In terms of 7" Egs. (25)
and (25') describe the Gouy-Stodola law in the control
space. They prove that minimizing of the entropy pro-
duction in a fixed-end control problem assures a mini-
mum of the work consumption in the heat-pump mode
and a maximum of work production in the engine mode.
Since their first terms are path independent (potential)
terms, the (non-potential) entropy production plays the
role of a kernel which solely determines properties of
extremal paths.

! For an additional discussion of the physical interpretation
and properties of 7’ the reader is referred to [23], where,
however, its generalization to coupled transfer processes was
still unknown. Eqs. (41)—(57) of the present work show the role
of T’ in a coupled transfer process.

5. Optimization results for operations with pure heat
transfer

For the Newtonian case an analytical result can be
obtained from the Euler-Lagrange equation for inte-
grals (24') or (24”). The result is a common (mode in-
dependent) differential equation that holds for both
fixed-end and free-end extremals of the extremum work
and minimum entropy production problems [21,22]

LT -T2 =0. (27)

Eq. (27) is restricted to the pure heat transfer pro-
cesses and is satisfied by the function 7(z) which is a
solution to a simple differential formula, T(r) = (T,
where the constant ¢ is the rate indicator which is pos-
itive for fluid’s heating and negative for fluid’s cooling.
Using the boundary conditions for 7y (7} = T' at 7!
and 7, = T" at ¢') we conclude that an unconstrained
extremal path is an exponential curve T7;(1)=
Ti(TT /T “ whose accomplishment in time requires the
following temperature control

T'(t) = Ti(1)(1 +¢)

= (/)" ) (1 (1 1) /(= ).
(28)

In terms of 7", the structure of the optimal control is
the same for both traditional processes (without work)
and processes in thermal machines. In this paper we also
show other properties of this sort. They help to model
the work-assisted operations which are much less known
that the traditional ones. Modeling that uses 7" is es-
pecially helpful for non-Newtonian transfer processes,
for which analytical formulae cannot be found, and only
numerical approaches can generate results generalizing
Egs. (27) and (28).

The difficulties due to non-existence of analytical
solutions for non-Newtonian heat exchange stimulate
considerations towards numerical evaluation of extre-
mals of multistage processes with finite stages. The
general discrete model of the non-Newtonian heat ex-
change is represented by Egs. (22), (23a) and (23b). Two
modern optimization methods can be applied: Bellman’s
dynamic programming (DP) and (a discrete version of)
Pontryagin’s maximum principle.

Let’s first briefly describe the typical DP algorithm.
As the time 7} does not appear explicitly in the process
model, a modified rather than original criterion is min-
imized to reduce the problem dimensionality and in-
crease the results accuracy. The criterion is defined as
the sum > (13 + 7;)0", where 13 = —p"/G is the intensity
of specific work consumption per unit time 7, and 4; is
both the Lagrange multiplier of the time constraint and
the numerical value of the Hamiltonian function H. A
computer program serves to generate tables of the
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potential function R"(7") = min(—W?") along with op-
timal controls, #} and 0}, and optimal states 7}'. This is
accomplished by solving Bellman’s recurrence equation
of the problem

RUTY)

. Te
_n;nn{<c(7"l”)<l— Ta )”’11+h1>
o Ty — (—u) "+ (g1 /gy

x 0+ R (T} —u';e';)}. (29)

With 4, used as the Lagrange multiplier of the time
constraint, equations of this sort do not contain the time
7 as the state variable. The end coordinates, 7° and T%,
may be fixed, but the total duration, 7}, must be free. In
an optimal process this duration follows for an assumed
h; as a function of fixed end values and total number of
stages, N. A generalization of this equation which con-
tains the polymer concentration serves to generate nu-
merical solutions for operations in which the mass
transfer is essential.

To apply the discrete maximum principle, we should
first of all note that the process model is linear with
respect to the unconstrained variable 0". In this case, a
discrete algorithm with a constant Hamiltonian consti-
tutes the suitable optimization scheme. Discrete opti-
mization theory is then similar to the Pontryagin’s
continuous theory, as shown on examples of multistage
separations and chemical reactors [24-30]. In [23] we
have initiated application of this discrete theory to
multistage energy systems with Newtonian heat ex-
change. For the general non-Newtonian model, Egs.
(22), (23a) and (23b), the constancy of the discrete
Hamiltonian (the consequence of the optimality of 6") is
expressed by the equality

anl_pnln
— 1

Te
—|e(Ty)| 1 - T uy | =hy,
< ( )< - (- 1)/ (gl/gz)“1> >

(30)

where, by definition, pj = 0R"/0T}, and h; = 0 refers to
the quasistatic process. We search for the maximum of
the above Hamiltonian with respect to the controls u/.
For a stationary optimal control u], the Hamiltonian
H"! satisfies the stationarity condition dH"~!/0u! =0

which yields
-1 u*:)‘/“)) .
DY+ (g /g’ ) e

n—1 —c n _ ( +(a
P = (T1)<1 (17 — (—u

As (1 +g7/g5)u} equals u", the negative of the heat
flux ¢g; per unit of the overall conductance g, we obtain
for the Newtonian heat transfer (a = 1)

_ . TeT"
PTI_C(Tl)(l_ " ]n " ,,2)
(T7 + (1 + g} /g5)uy)

TCTIZ B ,
c<1_—(T”+;")2> =p. (31')
1

After eliminating p} from Eqs. (30) and (31) an in-
tegral of the discrete motion follows

n o/ n n\2 — 7\ (1+1/a)
(¢1/83) () +a' (—uf)
n n 1” n/on),m)2
(T — (—uf) / + (g1/85)ui)
When the conductances and specific heat are con-

stant and a =1, Eq. (32) goes over into the recent
Newtonian result [31,32]

mg _ g&/aH W)’ W) h
cTeg  g(Ty + (gi/gs + i)’ (T} +ur) eI
(32)

o(THT* =hy. (32)

which is consistent with the equalities g = h;g; and
dR = —hdt = —h;dr;. Accordingly, one obtains two
modes of control corresponding to increasing and de-
creasing temperatures 7" in time, 7] or t". Neither
Newtonian nor non-Newtonian optimal control is in-
variant with respect to the control’s sign change. Only in
the Newtonian case, the solution of Eq. (32) with re-
spect to u”, is analytical. It corresponds with Eqs. (27)
and (28), and has the form
u" h

=44/— 33
u' + 17 cT®’ (33)

where the positive sign refers to the fluid’s heating and
the negative one to the fluid’s cooling. Using the state
equation (23a) we find (in terms of the time 7" rather
than 7}) an equation for the optimal evolution of the
process state

T Tnl

= ¢y, (34

where 0" = At",u" =1+ (g} /g5)u}, and an intensity
constant ¢ was defined in terms of the constant / as

-1
(1o =) 33)

Eq. (34) proves that the discrete rate in an extremal
Newtonian process changes proportionally to the tem-
perature, the result analogous to that obtained for an
optimal intensity of temperature change in continuous
systems [32-37]. For an extremal non-Newtonian pro-
cess simple optimal formula (34) does not hold, thus a
numerical procedure should be designed. First Eq. (32)
is solved numerically for the optimal control data in the
form u}(T7",T°, g}, 85, a,hi). Next a difference equation,
or a non-Newtonian generalization of Eq. (34)
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" — Tn—l
S S (T T g ) (36)

1
should be solved simultaneously with the second ca-
nonical equation

p117 7]7’]171 - aanl
o, orr

_ 2(1y) (1 re )
- n - n n\l/a N ), N 1
0Ty Iy — (_“1)1/ + (g1/g5)ui
()T
(17 = (=)' + (g1/gs)ut)’

which describes the stationary extremum of a stage cri-
terion with respect to 7". [The Newtonian limit of the
derivative is (cT°u"(T" + u")>.] The procedure leads to
the interstage temperatures 7" between the stages n and
n + 1. In the Newtonian case the temperatures 7" are the
geometric means of the temperatures 7"~'and 7"*! for
any two-stage subprocess. Use of the boundary con-
ditions for T° and TV yields all interstage temperatures
in terms of the boundary temperatures. For the New-
tonian heat exchange we find T = (TV)""
(70)" NN o more specifically

(37)

Tl _ (TN)I/N(TO)(N*I)/N
T2 = (V)N (o)==t (38)
TN71 _ (TN)(N—I)/N(TO)I/N'

Along with the condition of the constant H”, this
result yields 0" = 0" =0 =1'/N. The driving tem-
peratures which assure the accomplishment of that op-
timal trajectory are

" — Tn(l 4 f) — (TN)”/N(TO)"(N*1)/N*(”*l)

(o @)

For the non-Newtonian heat exchange the solutions
of this sort can only be numerical. Two important
conclusions are valid: (i) in terms of 7’ the optimal
control solutions for the traditional and work-assisted
discrete processes are identical, and, (ii) since the inter-
vals of the number of transfer units, 0", are measures of
exchange areas at the stages, the model incorporates the
constraint on the total area of heat transfer.

Eqgs. (34) and (36) describe the discrete rate of state
changes in an extremal process. In the simplest (New-
tonian case) this rate changes proportionally to the
fluid’s temperature 7". Also the driving temperature, 7",
changes in this case proportionally to 7", the result
analogous to Eq. (38) of a continuous optimal process.
In fact, Eq. (36) and associated numerical optimal so-
lutions are non-Newtonian generalizations of the opti-
mality conditions (28) and (39). The continuous result

(28) was recently obtained for heat exchangers, simu-
lated annealing and infinitesimal NCA sequences
[32-37].

For standard boundary conditions, the optimal work
obtained through numerical optimization is a discrete
generalization of the continuous finite-time exergy
[38,39]. ? The heat-pump mode exergy, 4 = (—W)_.,
refers to the N-stage process which starts with 7° and
terminates at 7 its optimal path (Eq. (38) or its non-
Newtonian generalizations) is consistent only approxi-
mately with the equipartition principle for the entropy
production [40]. This exergy defines the lower bound on
the work consumption. For short durations, the bound
is significantly higher than the minimal work of classical
thermodynamics. Otherwise, the engine mode exergy,
A = (W),,.x» can be significantly lower than the classical
maximal work. This explains restrictive applicability of
classical thermodynamic bounds [41] when they are ap-
plied to real processes, and shows that these bounds
should be replaced by stronger bounds obtained from
non-equilibrium thermodynamics [42].

In terms of the driving temperature 7’ optimal per-
formance criteria have simple universal forms even for
the general (non-Newtonian) heat exchange. For ex-
ample, the minimum work in continuous heat-pump
modes is described by the optimal performance function

R(T',T" 7" — 7') = min(—P/G)

f

T T°\ ,
:mm/_ CI(T1)<1_F)TldTl

=H(T") = H(T") = T*(S(T") = S(T"))

o 1 1\,
b7 /T (1) (E—F>Tl de,,
(40a)

where the state variable 7} and the driving temperature
T’ are connected by the kinetic differential constraint

T'=10 - (1) +(g1/¢)T. (26)

When 7' =1, = T° in the case without any work
production, this constraint represents the overall classi-
cal kinetics under the overall driving force 73 — T°. Eq.
(40a) is an optimal expression associated with the gen-
eral Egs. (25) and (25'). The complexity appears neither
in the work criteria nor in the entropy production but in
the kinetic constraint.

Likewise, the maximum work in the engine mode is
described by the optimal function

2 See [21,22,32,38,39] for the finite-time exergy of continu-
ous processes, a detailed derivation of Eq. (28) in [32] and a
thermodynamic argument for the uniformity of driving forces
T' — T [40].
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V(T T 7" — ¢') = max(P/G)

f

T Tc .
= max/ —Cl(Tl)(l _F)Tldfl

H(TY) — H(T") — T°(S(T") — S(T"))

i 11,
— T;‘iu/Ti Cl(Tl)(FI—F)Tld’El,
(40b)

where, again, 7} and 7" are linked by differential con-
straint (26). Simple common expressions, contained in
Eqgs. (40a) and (40Db), describe the associated minimum
of entropy. A single common function R (or V) is
capable of describing the optimal work in both modes. R
can be interpretted as a thermodynamic cost that is
positive for the heat-pump mode and negative for the
engine mode; thus V' = —R is the profit-type function.
For cascades of heat pumps and engines an analogous
picture exists with sums replacing integrals and with
differential ratios instead of derivatives.

The structure of the control equations shows that the
driving temperature 7’ can be interpretted as the quan-
tity replacing the upper temperature 7. of the thermal
machine in the general case when both conductances g
and g, are essential. Whenever the effect of the second
resistance (g, ') is negligible, 7" = Ty. Indeed, when g;!
tends to zero, Ty =T, =T°, thus, from Eq. (14),
T' = Ty. In this case the control equations are valid for
the temperature 7. However, the crucial statement
which explains how to obtain 7’ follows from the
equality 7 = T» at the state in which work is not pro-
duced (the so-called “short-circuit point” of the system,
where n = 0). This leads to the theorem: the analytical
expression for the driving temperature T' can be obtained
from the analysis of the short-circuit point by solving the
energy (mass) exchange equations in which T' replaces T,
or T¢. The solution to these equations should be found for
the temperatures Ty and Ty in terms of the common heat
flux q; after making the identification Ty, = T» the tem-
perature T’ follows in the form T' = f(T},q1,81,82). The
reader can verify that when this theorem is applied to
our thermal problem, the temperatures 7,y and 7» are:
Tv=T — (ql/gl)l/” and Ty =T’ + q1/g,. Their equat-
ing yields 7" = T\ — (q1/g1)"* — q1/g>, which is the re-
sult equivalent with Eq. (26).

The above theorem is the basis for thermodynamic
analyses of heat pumps and engines in continuous pro-
cesses and cascade systems with finite number of stages.
With the idea of the driving state, the analytical ex-
pression for the entropy production is precisely that of
purely dissipative processes (i.e., those without work
production or consumption). With the chemical poten-
tials included, the theorem also holds for more difficult
processes in which the polymeric fluid changes its con-
centration due to the coupled heat and mass transfer.

6. Coupled transfer and analogy between work-assisted
and traditional operations

To generalize the idea of the driving state in thermal
machines with coupled heat and mass transfer we need
to apply the idea of the driving chemical potential. For
simplicity, we shall neglect from now the subscript 1 of
the controlled phase (the polymeric fluid). With the help
of the results of our recent analysis [31], we find a gen-
eralized relation which links work and entropy produc-
tion

B Tt Te . ‘u/ 'ue -
verom [ 11 D)ar or(2-5)ar)
rf e e
- 7/ {<l—i)d%+T°<ﬁf“—>dZ{}
7 T T Te
Te/ﬂ LoDV (K- BYarl, @
. T T T T ’

where J is the enthalpy of a polymeric solution per unit
mass of the solvent and 2 is the polymer’s concentra-
tion. As before, the Gouy-Stodola law links the real
work W (the first integral) with the reversible work W’
(the second integral) and the negative product of T° and
the entropy production (the third integral). The driving
chemical potential, i/, appears here as an extra opera-
tional variable.

Eq. (41) incorporates the result of invariancy of the
entropy production in a work-assisted operation with
respect to the transformation of variables. This equation
exploits the fact that an original expression for the en-
tropy production is in terms of the upper and lower
thermal potentials of the fluid circulating in the thermal
machine (7y, 7o,y and u,). From this original ex-
pression the appropriate result for 7" is the same as for
the processes with pure heat transfer, and it can be
written in the form

;e v
r=ri (42)
[23]. Note that the theorem of Section 5 which applies
the equality 7" = 7° or 7" = T, at the short-circuit point
where 71y = T» is consistent with this equation. Likewise,
in terms of the upper and lower thermal potentials of the
circulating fluid (7}, Ty, #y, and g, ), the driving chemi-
cal potential ¢ follows as:

§ =T/ T + Ty /Ty T — i/ T ). (43)

Again, at the short-circuit point, where y;, = yu,, the
equality ¢’ = u° holds which proves that the generalized
theorem (including mass transfer) is valid. Again, the
most essential result obtained here is the conclusion that
in terms of the driving temperature 7’ and driving
chemical potential ' the entropy production in a work-
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assisted process acquires the form of the entropy pro-
duction for a traditional process without any work
production. Accordingly, we shall implement below en-
tropy production formulae which are known for tra-
ditional processes of non-isothermal mass transfer into
the work formulae describing processes with thermal
machines.

Now an extension of Egs. (40a) and (40b) will be
derived for simultaneous heat and mass transfer. The
controlled phase is described in terms of the solution’s
enthalpy # and polymer’s concentration Z'.; they both
are referred to the unit mass of the solvent. The space
(A, %) is the state space of the process. Note that the
accepted pair of the state variables is suitable for dilute
solutions as then G = constant. As the possible candi-
dates, we consider two models of control. The first is
that of a conventional crosscurrent process in which an
external immiscible phase with the controlling par-
ameters (I’ and %) and the fiow G’ exchanges the energy
and mass with the controlled solution of a polymer. The
second control model applies the Onsagerian scheme of
coupled heat and mass transfer. In the first model, our
choice of the state and control variables is caused by the
fact that the most appropriate form of energy balance
for a fluid at flow is in terms of the enthalpy. Using the
Lewis analogy linking the coefficients of energy and
mass flows we can write down a linear exchange equa-
tion and the corresponding non-linear expression (fol-
lowing the arrow)

H=T =L (AHX)— H (ALY, (44)

where the time derivatives involve the time defined such
that dt; = dG'/G and the controlling enthalpy /' is that
of the external or driving phase. The s-subscripted
quantities refer to equilibrium of the external phase with
the solution. The above energy equation should be
supplemented by an equation for the exchanged mass,
which is

X =YY (HX) — X(AHXT,Y). (45)

Again, the controlling concentration %’ is that of the
external driving phase. See Eqs. (48)—(54) below for
Onsagerian scheme of control. For each control scheme
we shall derive a suitable formula for the entropy pro-
duction in conventional operations which will model the
entropy production in operations with thermal ma-
chines.

The specific entropy produced per unit mass of the
polymeric solution is the path integral over the scalar
product of the differential enthalpy-mass vector
(d#,dZ) and the driving force vector (1/7 —1/T,
u/T — 1/ /T"). With the energy and mass balances, Egs.
(44) and (45), the discussed integral can be written as
follows:

T
1o
:/ {<77—)%(%,5[,1’7@)
i T T

/
+ (i—ﬁ>ﬂ"(%,%l’7@)}df~ (46)

The temperatures and chemical potentials are here
functions of respective enthalpies and concentrations,
however, for brevity, this fact is not explicit in Eq. (46).
This equation can incorporate arbitrarily complex non-
linear relationships of thermodynamic and kinetic ori-
gin. By using Eq. (46) in work formula (41), changes of
work potentials and finite time exergies can be evalu-
ated through optimization of the following work crite-
rion

¢ Te / e
WEP/G:—/ {(17—)d%+T8(ﬁ—”—)dPl‘}
. T T Te

:%i 7%1" _ Tc(yi 7y1) 7'uc(g’i 72%/‘1)

11
—Te/ {(———)%(%7%,1’,@)
s \\T T

!
+ (%—%)3&"(%’,%,1/,?’/)}&, (47)
where the kinetic constraints (which link the state co-
ordinates of the fluid with those of the controlling phase)
are implicit.

To formulate and handle these constraints we use the
theorem of Section 5 in its generalized form, which tells
us that in the special case without any work production
(i.e., at the short-circuit point) expressions for the driv-
ing thermal parameters (7', i/, #”, 2", etc.) in terms of
the state variables (7, u, #, %, etc.) and their time de-
rivatives (T, f, H,%, etc.) describe the environment (or
reservoir) parameters. Thus by exploiting a given clas-
sical kinetics (the one which governs the process without
work production) we are able to determine intensive
parameters of driving states. We thus obtain constraints
which describe an overall classical kinetics under the
overall driving force. In the first model these constraints
are represented by Eqs. (44) and (45), in the second — by
Egs. (54) and (55).

Consider now the second model. It is based on
coupled linear kinetics which satisfy Onsager’s reci-
procity relations. For the resource fluid as the phase 1
the following kinetics is valid

1 : I A x5 g Ky
T 1A AL Y
LT r 1+ 1 o

=" 4 (48)

whereas for the thermal reservoir as the phase 2 or the
environment
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These kinetic equations hold at the purely dissipative
state (short circuit point) of the system where there is no
work production (7} = T» and u;, = uy), the energy
and mass fluxes are continuous through the interface
(e, #y=Hr,=H and X, = X> = Q”), and the iden-
tities 7, = 7" and u, = i’ hold. Applying these identities
in Eqs. (48) and (49) we find

1 | P ]
=——r"H—-r"L, =
Ty T ! | T
=gt I A (50)
and
! HH HA Uy
T_z'if—i_z Hor+1y "X, T_z,
‘Lt, x y aar 2
:F—rz“’—y/gfz_rgwgzz' .

(As in Egs. (41), (46) and (47), the subscript 1 of the
resource fluid was omitted.) After taking 7)) = T» and
Uy = Wy we obtain the driving intensities 7" and g in the
form

% _ % _ (rlyﬂyf + r{{”)# _ (rl)’/l + rz/mr)% (52)
and

Won TH | AT g T AT G 53
T’_T+(r1 +r ) +(V1 + 7 ) . ( )

Therefore the overall kinetics in terms of the driving
and controlled intensities, i.e., in the form which applies
in Eq. (41), is represented by the equations

1 1

BB e v 55

With the Onsager’s reciprocity relations the entropy
production assumes the classical form

7' 1 1 Nl U
Tt
= / {(r””jfz + 27X +rxxf2>}dr]. (56)
Ti

This proves that the second law of thermodynamics is
satisfied identically by the (second) model based on the
Onsager’s theory.

Consider yet the first model in the linear case, i.c.,
when its thermodynamic flows are proportional to dif-

ferences of enthalpies and concentrations. The entropy
production (46) is then

) /:{(%_%>(1/_15/(,yf,%')) + (%—%)

< (W — Y (A, @f))} dr. (46)

Now it seems that the satisfaction of the second law is
not assured. Nonetheless our numerical tests showed
that models of this sort can also preserve the second law
in a broad range of states. To substantiate the results of
these tests, we introduce the Hessian of the entropy of
driving phase, 8%’ /0I'02", which is the matrix of the
second order derivatives of ¢’ with respect to I’ and %',
The entropy production can then be written in the form
of a positive integral

{0 e
o'i'Ti <i_ﬁ> o TTT
T
woon
() e .

where the positive matrix of capacities ¢py =
—(29" Joro®) ™" is the reciprocal of the negative en-
tropy Hessian. These equations correspond to the en-
tropy differential in the form d(—¢")=-T"'dI'+
(uT~")d%’; they apply the entropy production and the
second law in their forms known from the thermody-
namic theory of stability. The entropy production in the
corresponding multistage process is

A Y 1 1
Y T Tm

W " y
(5 )] 1 G7)

Optimization of typical criteria of entropy produc-
tion, made under assumption of the constancy of coef-
ficients, leads quite generally to the conclusion about the
constancy of the entropy production intensity along an
optimal path [33-37,40]. For quadratic approximations
of these criteria, optimization implies the constancy of
driving forces along an optimal path. These properties
are sometimes imbeded in the so-called principle of
equipartition of the entropy production or principle of
equipartition of thermodynamic forces [40]. However,

N
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the ‘principle’ is valid only when there is no constraints
imposed on parameters of the controlling phase. In the
case of operative constraints, the principle is violated.
Postquadratic terms in the optimization criterion and
non-linearities in kinetic equations may also cause vi-
olation of the principle. For all these reasons exact work
functionals, such as Eq. (41) or (47), should be preferred
in optimization.

Using the idea of driving intensities, we achieved the
coincidence of the entropy production expressions in
conventional and work-assisted operations. Egs. 46),
(46", (56), (57) and (57 thus apply for thermal machines
as representations of their lost work divided by 7°. This
is important; up to now it was unknown whether an
equation of the classical structure could serve as a suf-
ficiently exact model for a work-assisted system. Dis-
covery of the driving controls was the necessary fact to
prove the equivalence of mathematical models for both
sorts of operations.

7. Generalized exergies for dilute and dense solutions of
polymers

When one of the end states is that of the equilibrium
with the environment, extremizing of the total work over
a finite period of time leads to finite-time exergies
[21,22,31,32,38,39]. In finite time processes two distinct
exergies exist: that of the engine mode and that of the
heat-pump mode. Depending on the state coordinates
used, dilute or dense polymeric solutions can be de-
scribed. For dilute solutions we use the concentration 2
or the mass of the polymer per unit mass of the solvent
and the related (solvent basis) enthalpy . For dense
solutions the concentration #" defined as the mass of
solvent per unit mass of polymer is more suitable.

For a given state of a dilute polymeric fluid (#, Z)
and the state of equilibrium of this fluid with the envi-
ronment (#°,Z°), the finite-time exergy of the engine
mode is the maximum work produced during the opti-
mal passage from (A, %) to (#°,%°) and that of the
heat-pump mode is the minimum work consumed dur-
ing the optimal passage from (#°,2°) to (A, Z). It
follows from this definition that in the heat pump mode
the classical exergy [11] is increased by the product of the
environment temperature 7° and the minimum entropy
production, R, = min S,. In the engine mode the classi-
cal exergy is decreased by the product of 7° and
R, = min S,. For continuous changes of the fluid’s state

AT, 2, T, 27" — ') = A™S(T, 2, T, 2°)
+ TR, (T, %, T¢, 2°, 7" — ),
(58)

where 494 is the classical exergy of the fluid. The plus
sign refers to processes departing from the equilibrium

whereas the minus sign to those approaching the equi-
librium. The classical reversible exergy

EQ/C]&SS(T7 %’7 TC,!Q"E) =H; — [‘ISC - TC(SS - Ssc)
©Hy— H TS, - )7,
(59)

(see [11,41]) is consistent with the general Eq. (3). The
subscript s designates the partial quantities of the sol-
vent and the subscript p refers to the polymer.

Eqgs. (58) and (59) are suitable for dilute polymeric
solutions. For a multistage process, a discrete counter-
part of Eq. (58) can be numerically generated with
Eq. (57'); the computations should refer to a sufficiently
large N if one wants to approximate the continuous
exergy well enough. The minimum entropy production,
R, = min S,, in the last term of Eq. (58) is a function of
end thermodynamic states and non-dimensional dura-
tion (the number of mass transfer units). This last term is
non-classical, duration dependent term which vanishes
for infinite durations. It should be distinguished from
the first or classical term that has properties independent
of the direction of time. With the knowledge of the
classical exergy, explicit in the above equation, the nu-
merical procedure can generate data for both 4 and R,.
From the finite-time exergy enhanced bounds follow on
the work production and consumption [32,42].

Consider now exergies of dense polymeric solutions.
Any classical exergy contains exclusively linear combi-
nation of differences of state functions which change
only sign but not magnitude of work when end ther-
modynamic states are inverted. This fact facilitates the
generation of work potentials for prescribed end states,
from which reversible exergies are recovered. Under the
assumption of constant heat capacities and with a for-
mula for the solution exergy per unit mass of solid basis
[43] we obtain the following finite-time work potential
for a dense polymeric solution

IIVARTAN AR/AN AR/AR S

) ) Ti
= (cs+#"c1) [(T‘ —T°) - T° lnﬁ}

f
—(es+W'e) [(Tf —T°) —T¢ ln%}

RTe [ " Bw,T®) .
+7{/¢,,_f g, ey 7

+ TR,(T, w1, w2 — ri)}. (60)

It holds in the regime where the decrease of the
pressure of the solvent’s vapour is a measurable effect. In
Eq. (60) # is the solvent’s concentration defined as the
mass of the solvent per unit mass of the polymer, and
B(#,T) is the relative pressure of the solvent (the ratio
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of the partial pressure of solvent’s vapour over the
solution to the pressure of the saturated vapour over the
pure solvent). The superscript e refers to the equilibrium
with the reference solution in the environment. The
method exploits the empirical data of S(#,T) calcu-
lated from the knowledge of solvent’s pressures over the
polymeric solutions and the pressures of solvent’s satu-
rated vapour. This method follows that described earlier
for moist solids when the moisture creates a solution
with the solid [43].

Recalling that the interchange of end states is just the
transformation of system’s modes, a general inequality
can be stated which describes cyclic processes with sol-
vents removal and addition. If an original process is in
engine mode then the inverse process is in heat pump
mode. When the dissipative term is so small that it can
be ignored, the equality "¢ = RPU™P — —/PumP holds,
which describes the fact that the (reversible) work con-
sumed in the heat pump mode is completely recovered in
the engine mode. When the dissipation becomes essen-
tial, the inequality RP'™ > "¢ = —R" is valid. Thus
for any changes of states which occur within the positive
durations 2,z and Zp, in a cyclic operation with the
solvent’s removals and additions 4 — B — A4 — B...

RPUI“p(XA,XB,XC7@AB) +chg(XB7XA,XC,@3A) = 0. (61)

This inequality represents a special form of the second
law of thermodynamics. For a polymer that dissolves in a
solvent, Eq. (61) states that a cyclic operation composed
of the separation and dissolving can only consume net
work. However, the inequality sign changes whenever the
states are chosen in the range in which the polymer stops
to dissolve, i.e., when its precipitation from the solution
is the spontaneous process. To preserve Eq. (61) the
original states should be then inverted. In this case Eq.
(61) will state that the magnitude of work delivered in an
engine process of precipitation is less than that supplied
in a heat-pump process of virtual dissolving.

8. Concluding remarks

We are now able to formulate a few basic conclu-
sions. Separation and heat exchange operations with
polymeric fluids can be conducted conventionally in
mass and heat exchangers or in a work-assisted way with
thermal machines. The analysis of the derived optim-
ization models for traditional and work-assisted opera-
tions shows that a useful parallelism is operative for
expressions which describe entropy sources, exergy costs
and kinetic equations in both sorts of operations. This
parallelism is particularly lucid in the realm of processes
with pure heat transfer for which a special control
variable 77, called the driving temperature, is essential.
The parallelism can be generalized to include processes

with simultaneous heat and mass transfer if their models
use the suitable controls: driving thermal potentials
(—=1/T" and u'/T’). Due to the parallelism, the mathe-
matical identity does exist between expressions which
link work and entropy production through the Gouy—
Stodola law in traditional and work-assisted operations.

Consistently, in terms of the driving potentials
(—=1/7" and ¢//T’), the optimal control is the same for
both operations with thermal machines and for related
traditional operations, those without work production
or consumption. With the intensities (—1/7" and u'/T")
in equations for power produced, the thermal efficiency
is given by the Carnot formula, n =1 — T°¢/T’ even if
there is a coupled heat and mass transfer in the machine.
Yet, in the coupled transfer case, the power production
or consumption is determined not only by 5 but also by
the second component of the efficiency vector,
B=T(W/T — u°/T¢), Eq. (41). The benefit from the
described parallelism is that expressions for exergy losses
in traditional coupled processes (without work produc-
tion) can model (more difficult) exergy losses in complex
thermal machines with simultaneous heat and mass
transfer. Both multistage processes (described by differ-
ence equations and optimization criteria in form of
sums) and corresponding continuous processes (de-
scribed by differential equations and optimization cri-
teria in form of integrals) can be modeled. Cases of
thermal systems where such modeling can be appropri-
ate are considered in the review [44].

We have developed the thermodynamic theory of
work limits for complex fluids in multistage systems with
thermal machines which may be different at each stage
of the sequence. We have shown how to apply non-
Carnot efficiencies in suitable optimization -criteria
whose optimal values describe these work limits. We
have applied the mentioned parallelism between the
work-assisted and traditional operations to optimize the
former and obtain the work limits for finite time se-
quences. We have also shown how to derive the func-
tionals of work and entropy production and the work
limits to operations in which heat transfer is coupled
with transfer of mass. Our paper outlines also optim-
ization techniques for sequential work-assisted heating
and separation operations with complex fluids. We have
obtained optimal functions which define bounds on
work consumption or production in thermal machines.
For short durations, the consumption (lower) bound is
significantly higher than the minimal work of classical
thermodynamics; the production (upper) bound can
even vanish. Our equations for optimization potentials,
e.g. Egs. (58), (60) and (61), which apply to processes
with simultaneous heat and mass transfer, explain re-
strictive applicability of classical thermodynamic
bounds and imply that these bounds should be replaced
by stronger bounds obtained from non-equilibrium
thermodynamics.



S. Sieniutycz | International Journal of Heat and Mass Transfer 44 (2001) 897-918 917

Acknowledgements

The author acknowledges the support of computer
facilities of Pulaski Technical University in Radom,
Faculty of Materials Science and Technology, for nu-
merical simulations.

References

[11 A.S. Kravczuk, V.P. Majboroda, Yu.C. Urzhumcev, Me-
chanics of Polymeric and Composite Materials, Nauka,
Moscow, 1985.

[2] Yu.K. Godovsky, Thermophysics of Polymers, Chimia,
Moscow, 1982.

[3] V.P. Budtov, V.V. Konsetov, Heat and Mass Transfer in
Polymerization Processes, Chimia, Leningrad, 1983.

[4] P.J. Flory, Statistical Mechanics of Chain Molecules,
Wiley, New York, 1969.

[5] R.B. Bird, C.F. Curtis, Fascinating polymeric liquids,
Physics Today, January 1994.

[6] G. Marucci, Polymers, in: G. Astarita (Ed.), Thermody-
namics: An Advanced Textbook for Chemical Engineers,
Plenum Press, New York, 1989 (Chapter 12).

[7]1 A.N. Beris, B.J. Edwards, Thermodynamics of Flowing
Systems, Oxford University Press, New York, 1994.

[8] H.-C. Ottinger, Nonequilibrium thermodynamics: a
tool for applied rheologists, Appl. Rheol. 9 (1999) 17—
26.

[9] M. Dressler, B.J. Edwards, H.-C. Ottinger, Macroscopic
thermodynamics of flowing polymer fluids, Rheol. Acta 38
(1999) 117-136.

[10] M. Grmela, D. Jou, J. Casas-Vazquez, Nonlinear and
Hamiltonian extended fluid thermodynamics, J. Chem.
Phys. 108 (1998) 7937-7945.

[11] TJ. Kotas, Exergy Method of Thermal Plant Analysis,
Butterworths, Borough Green, 1985, pp. 1-19.

[12] R.S. Berry, V.A. Kazakov, S. Sieniutycz, Z. Szwast, A.M.
Tsirlin, Thermodynamic Optimization of Finite Time
Processes, Wiley, Chichester, 2000.

[13] A. Bejan, Entropy Generation Minimization: The Meth-
od of Thermodynamic Optimization of Finite-Size Sys-
tems and Finite-time Processes, CRC Press, Boca Raton,
1995.

[14] P. David, Thermodynamics and process design, The Chem.
Engineer, May 1990, p. 31.

[15] J. Ciborowski, Fundamentals of Chemical Engineering,
WNT, Warsaw, 1965.

[16] F. Moser, H. Schnitzer, Heat Pumps in Industry, Elsevier,
Amsterdam, 1985.

[17] D.A. Reay, D.B.A. Mac Michael, Heat Pumps Design and
Application, Pergamon Press, Oxford, 1979.

[18] G. Wall, Thermodynamic optimization of heat pump
system, Energy 11 (1986) 957-967.

[19] G. Wall, On the optimization of refrigeration machinery,
Int. J. Refrigeration 14 (1991) 336-340.

[20] J.B. Lesourd, R. Hallegate, The concept of the process
production function: basic principles and application to the
calculation of the efficiencies of thermodynamic cycles, Int.
Chem. Engrg. 28 (1988) 608-615.

[21] S. Sieniutycz, M. von Spakovsky, Finite-time generaliza-
tion of thermal exergy, Energy & Conversion Management
39 (1998) 1423-1447.

[22] S. Sieniutycz, Generalized thermodynamics of maximum
work in finite time, Open Sys. Information Dyn. 5 (1998)
369-390.

[23] S. Sieniutycz, Endoreversible modeling and optimization of
thermal machines by dynamic programming, in: Ch. Wu
(Ed.), Advance in Recent Finite Time Thermodynamics,
Nova Science, 1999 (see also ibid: S. Sieniutycz, Z. Szwast,
Optimization of multistage thermal machines by a Pon-
tryagin’s-like discrete maximum principle).

[24] S. Sieniutycz, Optimization in Process Engineering,
first ed., Wydawnictwa Naukowo Techniczne, Warsaw,
1978.

[25] S. Sieniutycz, A general theory of optimal discrete drying
processes with a constant hamiltonian, in: A. Mujumdar
(Ed.), Drying 84, Hemisphere, New York, 1984, pp.
62-75.

[26] Z. Szwast, Discrete algorithms of maximum principle with
constant Hamiltonian and their selected applications in
chemical engineering, Ph.D. Thesis, Institute of Chemical
Engineering at the Warsaw University of Technology,
Warsaw, 1979.

[27] Z. Szwast, Enhanced version of a discrete algorithm for
optimization with a constant hamiltonian, Inz. Chem.
Proc. 3 (1988) 529-545.

[28] Z. Szwast, Exergy optimization in a class of drying systems
with granular solids, in: S. Sieniutycz, P. Salamon (Eds.),
Finite-Time Thermodynamics and Thermoeconomics, Ad-
vances in Thermodynamics, vol. 4, Taylor and Francis,
New York, 1990, pp. 209-248.

[29] S. Sieniutycz, Z. Szwast, Practice in Optimization: Process
Problems, Wydawnictwa Naukowo Techniczne, Warsaw,
1982.

[30] S. Sieniutycz, Z. Szwast, A discrete algorithm for optim-
ization with a constant hamiltonian and its application to
chemical engineering, Int. J. Chem. Engrg. 23 (1983) 155-
166.

[31] S. Sieniutycz, Optimal control framework for multistage
endoreversible engines with heat and mass transfer, J. Non-
Equilibrium Thermodyn. 24 (1999) 40-74.

[32] S. Sieniutycz, Hamilton-Jacobi-Bellman analysis of irre-
versible thermal exergy, Int. J. Heat Mass Transfer 41
(1998) 183-195.

[33] W. Spirkl, H. Ries, Optimal finite-time endoreversible
processes, Phys. Rev. E 52 (1995) 3485-3489.

[34] P. Salamon, A. Nitzan, B. Andresen, R.S. Berry, Minimum
entropy production and the optimization of heat engines,
Phys. Rev. A 21 (1980) 2115-2129.

[35] B. Andresen, J. Gordon, Optimal paths for minimizing
entropy production in a common class of finite-time
heating and cooling processes, Int. J. Heat Fluid Flow 13
(1992) 294-299.

[36] B. Andresen, J. Gordon, Optimal heating and cooling
strategies for heat exchanger design, J. Appl. Phys. 71
(1992) 76-79.

[37] B. Andresen, J. Gordon, Constant thermodynamic speed
for minimizing eqntropy production in thermodynamic
processes and simulated annealing, Phys Rev. E. 50 (1994)
4346-4351.



918 S. Sieniutycz | International Journal of Heat and Mass Transfer 44 (2001) 897-918

[38] B. Andresen, M.H. Rubin, R.S. Berry, Availability for
finite time processes. General theory and model, J. Phys.
Chem. 87 (1983) 2704-2713.

[39] R.S. Berry, Exergy and optimization of time-constrained
processes, Periodica Polytech. Ser. Phys. Nucl. Sci. 2 (1994)
5-14.

[40] D. Tondeur, E. Kvaalen, Equipartition of entropy pro-
duction: an optimality criterion for transfer and separation
processes, Ind. Engrg. Chem. Res. 26 (1987) 50-56.

[41] J. Szargut, D.R. Morris, F.R. Steward, Exergy Analysis of
Thermal, Chemical and Metallurgical Processes, Hemi-
sphere, New York, 1988.

[42] K.-H. Hoffmann, Optima and bounds for irreversible
thermodynamic processes, in: S. Sieniutycz, P. Salamon
(Eds.), Finite-Time Thermodynamics and Thermoeconom-
ics, Advances in Thermodynamics, vol. 4, Taylor and
Francis, New York, 1990, pp. 22-65.

[43] S. Sieniutycz, Computing of thermodynamic functions in
gas—moisture—solid systems, Reports of Institute of Chem-
ical Engineering, Warsaw Technical University, vol. 2,
1973, pp. 323-349.

[44] K.-H. Hoffmann, J.M. Burzler, S. Schubert, Endorevers-
ible thermodynamics, J. Non-Equilibrium Thermodyn. 22
(1997) 311-355.



